MICRO-LOCAL ANALYSIS WITH FOURIER 
LEBESGUE SPACES. PART I 

STEVAN PILIPOVIC, NENAD TEOFANOV, AND JOACHIM TOFT 

Abstract. Let u),u)q be appropriate weight functions and q e 
£sL \ [l,oo]. We introduce the wave-front set, WF^i (/) of / S S*" 

^^ I with respect to weighted Fourier Lebesgue space ^L q ,, . We prove 

that usual mapping properties for pseudo-differential operators 
Op(a) with symbols a in S Tq hold for such wave-front sets. Es- 

( O ' pecially we prove that 

^ : WF ^ i <w.o) (° p ( a ) / ) ^ WJ >^> (/) 

CWF- .(Op(o)/) (J Char(a). (*) 
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Here Char(a) is the set of characteristic points of a. 



0. Introduction 



In this paper we introduce wave-front sets of appropriate Banach 
(and Frechet) spaces. We especially consider the case when these Ba- 
nach spaces are Fourier-Lebesgue type spaces. The family of such wave- 
front sets contains the wave-front sets of Sobolev type, introduced by 
F»» ■ Hormander in [17], as well as the classical wave-front sets with re- 

spect to smoothness (cf. Sections 8.1 and 8.2 in [16]), as special cases. 
Roughly speaking, for any given distribution / and for appropriate Ba- 
nach (or Frechet) space B of tempered distributions, the wave-front set 
WFb(/) of / consists of all pairs (x , £0) i n R d x (R d \ 0) such that no 
localizations of the distribution at x belongs to B in the direction £ - 

We also establish mapping properties for a quite general class of 



pseudo-differential operators on such wave-front sets, and show that 



our approach leads to a flexible micro-local analysis tools which fits 
well to the most common approach developed in e.g. [16,17]. Especially 
we prove that usual mapping properties, which are valid for classical 
wave-front sets (cf. Chapters VIII and XVIII in [16]) also hold for wave- 
front sets of Fourier-Lebesgue type. For example, we prove (*) in the 
abstract, that is, any operator Op(a) to some extent shrink the wave- 
front sets and the opposite embedding can be obtained by including 
Char (a), the set of characteristic points of the operator symbol a. 
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The symbol classes for the pseudo-differential operators are of the 
form Sp£ (R 2d ) which consists of all smooth functions a on R 2d such 
that a/ojQ G S® s (R 2d ). Here p, 5 G R and uj® is an appropriate smooth 
function on R M . We note that S^f (R 2d ) agrees with the Hormander 

class S r p5 (R 2d ) when w (a:,0 = (£> r , where r G R and (£) = (1 + 

|£| 2 )^.' 

The set of characteristic points Char(a) of a G Si 5 depends on the 
choices of p, 5 and co> (see Definition 11.31) . This set is empty when a 
satisfies a local ellipticity condition with respect to ujq. In contrast to 
Section 18.1 in [16], Char(a) is defined for all symbols in S^ , and not 
only for polyhomogeneous symbols. Furthermore, if a is a polyhomo- 
geneous symbol, then Char(a) is smaller than the set of characteristic 
points, given by [16] (see Remark [1.41 and Example 13.91) . This is espe- 
cially demonstrated for a broad class of hypoelliptic partial differential 
operators. For any hypoelliptic operator Op(a) with constant coeffi- 
cients and with symbol a, we may choose the symbol class such that 
it contains a, and such that a is elliptic with respect to that weight. 
Consequently, Char(a) is empty, and in view of (*) in the abstract it 
follows that such hypoelliptic operators preserve the wave-front sets, 
as they should (see Theorems 13.71 and 14.51 and Corollary 13.81) . 

Information on regularity in the background of wave-front sets of 
Fourier Lebesgue types might be more detailed comparing to classical 
wave-front sets, because we may play with the exponent q G [l,oo] 
and the weight function u in our choice of Fourier Lebesgue space 
<^L q ,s(R d ). By choosing q = 1 and u(£) = (£,) N , where N > is an 

integer, JPL}JTl d ) locally contains C N+d+1 (R d ), and is contained in 
C N (R d ). Consequently, our wave- front sets can be used to investigate 
micro-local properties which, in some sense, are close to C^-regularity. 
Another example is obtained by choosing q = oo and u = u . If E 
is a parametrix to a pseudo-differential operator Op(a) with a G Sffi , 
then 

Op(a)E = 5 + (p, 

which belongs locally to J^L°°, giving that WF^£oo(Op(a)£') is empty. 
Hence (*) in the abstract shows that WFj^oo (E) is contained in 

Char(a). In particular, if in addition Op(a) is elliptic with respect to 
u> , then it follows that WFj? L °o (E) is empty, or equivalently, E is lo- 

cally in J^X?a- This implies that for each x G R d and test function ip 

on R d we have 

\^( V E)(0\<Cu(x,0-\ (0.1) 

for some constant C. Here we remark that every hypoelliptic partial 
differential operator with constant coefficients is elliptic with respect 
to some admissible weight u . Therefore, our results can be applied in 



efficient ways on such operators. (See Theorem 13.71 and Corollary 13.81 
for the details.) 

In the second part of the paper (Sections [5] and [6]) we define wave- 
front sets with respect to (weighted) modulation spaces (which also 
involve certain types of Wiener amalgam spaces), and prove that they 
coincide with the wave-front sets of Fourier Lebesgue type. Here we also 
extend some wave-front results to pseudo-differential operators with 
symbols which are defined in terms of modulation spaces of "weighted 
Sjostrand type". These symbol classes are superclasses to ST^ (R 2d ), 
and contain non-smooth symbols. 

The modulation spaces have been introduced by Feichtinger in [5], 
and the theory was developed further and generalized in [7-9,11]. The 
modulation space M^s(R d ), where u denotes a weight function on 

phase (or time- frequency) space R 2d , is the set of tempered (ultra-) dis- 
tributions whose short-time Fourier transform belongs to the weighted 
and mixed Lebesgue space L p A(R 2d ). It follows that the weight uj quan- 
tifies the degrees of asymptotic decay and singularity of the distribu- 
tions. 

Modulation spaces have been, in parallel, incorporated into the cal- 
culus of pseudo-differential operators, through the study of continuity 
of (classical) pseudo-differential operators acting on modulation spaces 
(cf. [4,19,20,24-26]), as well as through the analysis of operators of 
non-classical type, where modulation spaces are used as symbol classes. 
For example, after a systematic development of the modulation space 
theory already had been done by Feichtinger and Grochenig, Sjostrand 
introduced in [23] a superspace of 5*q which turned out to coincide with 
M 00 ' 1 , and used this modulation space as a symbol class. He proved that 
M 00 ' 1 as symbol class corresponds to an algebra of operators which are 
bounded on L 2 . Sjostrand's results were thereafter further extended 
in [12-14,27-29]. 

The paper is organized as follows. In the beginning of Section CD we 
recall the definition of (weighted) Fourier Lebesgue spaces. We continue 
with the definition and basic properties of pseudo-differential operators 
in Subsection 11.11 Then, in Subsection 11.21 we define sets of character- 
istic points for a broad class of pseudo-differential operators and prove 
that these sets might be smaller than characteristic sets in [16] (see also 
Example [33] in Section [3|). In Subsection II .31 we recall the definition and 
basic properties of modulation spaces, and, in Subsection 11.41 we intro- 
duce a class of pseudo-differential operators with non-smooth symbols 
in the context of modulation spaces. In Section [2] we define wave-front 
sets with respect to (weighted) Fourier Lebesgue spaces, and prove 
some important properties for such wave-front sets. Thereafter we con- 
sider in Section [3] mapping properties for pseudo-differential operators 



in context of these wave-front sets, and, in particular, we prove (*) in 
the abstract. 

In Section [H we consider wave-front sets obtained from sequences of 
Fourier Lebesgue space spaces. We show that these types of wave-front 
sets contain classical wave- front sets (with respect to smoothness), and 
that the mapping properties for pseudo-differential operators also hold 
in context of such wave-front sets. In particular, we recover the well- 
known property (*) in the abstract, for usual wave-front sets (cf. Section 
18.1 in [16]). 

In Section [5] we introduce wave- front sets with respect to modulation 
spaces, and prove that they coincide with wave-front sets of Fourier 
Lebesgue types. In Section [6] we consider mapping properties on wave- 
front sets of pseudo-differential operators with symbol classes defined 
in terms of weighted Sjostrand classes. 

Finally, we remark that the present paper is the first one in series 
of papers. In the second paper [21] we consider products in Fourier 
Lebesgue spaces, related to the new notion of wave-fronts with ap- 
plications to a class of semilinear partial differential equations. In [18] 
the authors together with Karoline Johansson show that the wave-front 
sets of Fourier Lebesgue and modulation space types can be discretized, 
and how they can be implemented in numerical computations. 
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1. Preliminaries 

In this section we recall some notations and basic results. In what 
follows we let T denote an open cone in R d \ with vertex at origin. If 
£ G R d \ is fixed, then an open cone which contains £ is sometimes 
denoted by T^. 

Assume that u and v are positive and measurable functions on R d . 
Then uj is called f-moderate if 

co(x + y) < Cu(x)v(y) (1.1) 

for some constant C which is independent of x, y G R d . Iff in (11.11) can 
be chosen as a polynomial, then uj is called polynomially moderated. 
We let ^(R d ) be the set of all polynomially moderated functions on 
R d . If u(x,£) G ^(R M ) is constant with respect to the x-variable 
(£- variable), then we sometimes write u;(£) (u>(x)) instead of to(x, £). 
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In this case we consider uj as an element in <^(R 2d ) or in £P(R. d ) 
depending on the situation. 

We also need to consider classes of weight functions, related to & . 
More precisely, we let ^ {R d ) be the set of all uj G ^(R d ) f]C°°(R d ) 
such that d a u)/u) G L°° for all multi-indices a. For each uj G ^(R d ), 
there is an equivalent weight ujq G <^o(R d ), that is, C^ 1 uj < oj < Cujq 
holds for some constant C (cf. [28, Lemma 1.2]). 

Assume that p, S G R. Then we let ^ Pi< 5(R M ) be the set of all u(x, £) 
in ^(R M ) n C°°(R M ) such that 

(r \p\f}\-5\ a \ u x u tL u \- x ^i rz T™(-R 2d \ 

(0 -(.,0 GL (R } ' 

for every multi-indices a and (5. Note that in contrast to &§, we do not 
have an equivalence between 2? p £ and 2? when p > 0. On the other 
hand, if s G R and p G [0, 1], then ^ Pt5 (R 2d ) contains u(x,£) = (£) s , 
which are one of the most important classes in the applications. 

The Fourier transform & is the linear and continuous mapping on 
J?"(R d ) which takes the form 

W)(0 = /(0 = {^Y d/2 I f{x)e~ i ^dx 

when / G L 1 (R d ). The map & is a homeomorphism on J^"(R d ) which 
restricts to a homeomorphism on ^(R d ) and to a unitary operator on 

L 2 (R d ). 

Let q G [1, oo] and cj G ^(R d ). The (weighted) Fourier Lebesgue 
space <^L q , JR d ) is the inverse Fourier image of L q , JR d ), i. e. J^"L5 ., (R rf ) 

consists of all / G y"(R d ) such that 

II/II«« w) = ||7-o;||l.. (1.2) 

is finite. If a; = 1, then the notation ^L q is used instead of JPL q ,y We 
note that if u(£) = (£) s , then ^L q , is the Fourier image of the Bessel 
potential space H? (cf. [1]). 

Here and in what follows we use the notation ^L q . instead of the 

(uj) 

less cumbersome c^L^, because in forthcoming papers (cf. [18,21]), we 
often assume that uj is of the particular form uj{£) = (£) s , and in this 
case we set &L\ = ^L q ,, without brackets for the weight parameter. 

Remark 1.1. In many situations it is convenient to permit an x depen- 
dency for the weight uj in the definition of Fourier Lebesgue spaces. 
More precisely, for each uj G ^(R 2d ) we let ^L q ,\ be the set of all 

/ G ,9"{K d ) such that 

,?L« , = ||/W(X, -)l|w 

M 
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is finite. Since u is v -moderate for some v G i^(R 2d ) it follows that 
different choices of a; give rise to equivalent norms. Therefore the condi- 
tion ||/||jrj,9 < oo is independent of x, and it follows that JP L q ,JTl d ) 

is independent of x although || • \\jfl" might depend on x. 

1.1. Pseudo differential operators. In this subsection we recall some 
facts from Chapter XVIII in [16] concerning pseudo-differential oper- 
ators. Let a G ^(R 2d ), and let t G R be fixed. Then the pseudo- 
differential operator Op f (a) which corresponds to the symbol a is the 
linear and continuous operator on y(R d ), defined by 

(Op t (a)f)(x) = (2n)- d 1 1 a((l - t)x + ty^)f(y)e i( ^'^ dyd£. (1.3) 



If t = 0, then Op t (o) is the Kohn-Nirenberg representation a(x,D) = 
Op(a) = Op (o), and if t = 1/2, then Op f (a) is the Weyl quantization 
of a. 

For general a G ^'(R M ), the pseudo-differential operator Op 4 (a) is 
defined as the operator with distribution kernel 

K t>a (x, y) = (2rr)- d / 2 (^ 2 1 a)((l - t)x + ty,x-y). (1.4) 

Here ^F is the partial Fourier transform of F(x, y) G ^"(H 2d ) with 
respect to the y-variable. We remark that K t>a makes sense as a distri- 
bution in y'(R 2li ). In fact, the map 

F(x, y) ^ F((l - t)x + ty,x- y) 

is obviously a homeomorphism on y{R? d ) and on ^'(R 2 ^). Further- 
more, by straight-forward computations it follows that the partial Fourier 
transform j^" 2 is a homeomorphism on y{H 2d ), and extends in the usual 
way to a homeomorphism on y'(R, 2d ) which is unitary on L 2 (cf. e.g. 
Section 7.1 in [16]). Consequently, if a G <y'{R 2d ), then K t>a in (TO) 
makes sense as a tempered distribution, and Op 4 (a) is a continuous 
operator from ,y{H d ) to ,5^'(R d ). As a consequence of Schwartz kernel 
theorem it follows that the map a i— > Op 4 (a) is bijective from ^'(R 2d ) 
to the set of linear and continuous operators from y(R d ) to ,y'(H d ). 

We also note that K tya belongs to Y{K 2d ), if and only if a G ^(R 2d ), 
and that the latter definition of Op t (a) agrees with the operator in (11.31) 
when a G J^(R M ). 

If a G y'(B? d ) and s, t G R, then there is a unique b G y"(R 2d ) such 
that Op s (a) = Op t (6). By straight-forward applications of Fourier's 
inversion formula, it follows that 

Op» = Op t (6) «=► b(x, = e^-^ D - D ^a(x, £). (1-5) 

(Cf. Section 18.5 in [16].) 

Next we discuss symbol classes which will be used in the sequel. Let 
p,5 G R and let u G ^ Pt5 (R 2d ). Then the symbol class S^ o) (R 2rf ) 
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consists of all a G C oc '(R 2d ) such that 

\d^a(x,0\ < C a ^ (x,O(O- pm+5H - (1-6) 

It is clear that S^g is a Frechet space with semi-norms given by the 
smallest constant which can be used in (11.61) . 

Ifuo(x,£) = (£) r , then Sr^° (R M ) agrees with the Hormander class 
Sp tS (R 2d ). Usually it is assumed that < S < p < 1. 

The following result shows that pseudo-differential operators with 
symbols in S^g behave well. 

Proposition 1.2. Let a G S^ s o) (R 2d ) where u G ^ Pj(5 (R M ), p,5 G 
[0, 1], < S < p < 1 and 5 < 1. 77«en Op 4 (a) «s continuous on ^(R d ) 
and extends uniquely to a continuous operator on ^"(R d ). 

Proof. We have Sr^ (R 2d ) = S^o, 9p,s), when (7 = g Pi 5 is the Riemann- 
ian metric on R 2d , defined by the formula 

{9 P ,s) (y Jx,0 = (ri) 25 \x\ 2 + (r ] )- 2 ^\ 2 

(cf. Section 18.4-18.6 in [16]). >From the assumptions it follows that 
g p ^ is slowly varying, a-temperate and satisfies g Pt s < gp^$, and that 
uo is (^-continuous and a, g^-temperate (cf. e. g. Sections 18.4-18.6 
in [16] for definitions). The result is now a consequence of Proposition 
18.5.10 and Theorem 18.6.2 in [16]. The proof is complete. □ 



1.2. Sets of characteristic points. In this subsection we define the 

>p,6 



set of characteristic points of a symbol a G S^ s ° (R 2d ), when u G 



& > p j(R 2d ) and < 5 < p < 1. As remarked in the introduction, this 
definition is slightly different comparing to [16, Definition 18.1.5] in 
view of Remark 11.41 below. 

Let R > 0, X C R d be open and let T C R d \ be an open cone. For 
convenience we say that an element c G S'^R 2 ^) is (X,T,R) -unitary 
when 

c(x,£) = 1 when x G X, (eT and |£| > R. 

If (x ,£o) e ^ d x (^ \ 0)' ^ nen ^ ne e l emen t c is called unitary near 
(x , £ ) if c is (X, T, i?)-unitary for some open neighbourhood X of x , 
open conical neighbourhood T of £ and i? > 0. 

Definition 1.3. Let < S < p < 1, u G ^ PtS (R 2d ), a G ^ o) (R 2d ), 
and set /z = p — 5 > 0. The point (x ,^o) in R d x (R d \ 0) is called 
non- characteristic for a (with respect to uq), if there are elements b G 
S£/ W0) (R M ), c G S° i(5 (R M ) which is unitary near (x ,£o), and /i G 
Sj(R 2d ) such that 



b(x, £)a(x, = c(x, + /i(x, 0, (x, f ) G R 
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The point (a?o>£o) i n R d x (R d \ 0) i s called characteristic for a (with 
respect tou ), if it is noi non-characteristic for a with respect to uq. The 
set of characteristic points (the characteristic set), for a G STj (R 2d ) 
with respect to a> , is denoted by Char(a) = Char (a,,,) (a). 

Remark 1.4. Let a; (x, £) = (£,) r ,r G R, and assume that a G >S[ (R M ) = 

Sfg (R 2d ) is polyhomogeneous with principal symbol a r G S'[ (R 2a! ). 
(Cf. Definition 18.1.5 in [16].) Also let Char'(a) be the set of character- 
istic points of Op(o) in the classical sense (i. e. in the sense of Definition 
18.1.25 in [16]). We claim that 

Char (^q) (a) C Char'(o). (1.7) 

In fact, assume that (xo,6o) ^ Char' (a). This means that there is a 
neighbourhood X of x , a conical neighbourhood r of £ > R > and 
b G S^(R 2d ) such that a r (x,£)b(x,£) = 1 when 

x G X, (6T, and |f | > R. (1.8) 

We shall prove that a(x, £,)b(x, £) = 1 when (x,£) satisfies (11.81) for 
some b G S'fJ and some choices of X, T and -R, wherefrom (x , £o) ^ 
Char (a;o )(a). 



Since 



\b(x,0\<C(0- r , \ar{x,{)\<C(Z)' 



and 



|a(a;,0-ar(a:,0l<C<0 r " 1 . 
for some constant C, it follows that 

|o r (a;,OI>C r - 1 (e> r , and C" 1 ^ < |o(x,OI < C<£) r , 

when (x, £) satisfies (II .81) . for some constants C and R. Hence, if ip G 
S^o is supported by X x T, and equal to one in a conical neighborhood 
of (xq, £o), it follows that b = ip ■ a fulfills the required properties. This 
proves the assertion. 

1.3. Modulation spaces. In this subsection we consider properties 
of modulation spaces which will be used for the definition of wave- 
front sets of such spaces in Sections El and for the proofs of micro-local 
results for pseudo-differential operators with non-smooth symbols in 
Section [6l The reader who is not interested in these investigations might 
immediately pass to Sections [2] and [31 

The short-time Fourier transform of / G y'(Yl d ) with respect to (the 
fixed window function) G ^(R d ) is defined by 



W)(s,o = ^(/-0( •-*))(*)■ 



We note that the right-hand side makes sense, since it is the partial 
Fourier transform of the tempered distribution 

F(x,y) = (f <S>^)(y,y - x) 

with respect to the y- variable. If / G L p ,,(R d ) for some p G [1, oo] and 
u G 0>(R d ), then V^f takes the form 

V(x,0 = (2n)- d/2 f f(y)cf>(y-x)e- i ^ dy. (1.9) 

JR. d 

In the following lemma we recall some general continuity properties 
of the short-time Fourier transform. We omit the proof since the result 
can be found in e. g. [10, 12]. 

Lemma 1.5. Let f G y'{R d ) and <f) G y{R d ). Then the following is 
true: 

(1) Vtf G y(K 2d ) if and only iff,<j>e y(R d ); 

(2) The map (/, <p) h-> V^f is continuous from y(R d ) x y(R d ) 
to y(R 2d ), which extends uniquely to a continuous map from 
L 2 (R d ) xL 2 {R d ) toL 2 (R 2d ). 

If / G y'(R d ) and G ^(R *), then it is well-known that V+f G 

y' n C°° and 

for some constants C and N (see e. g. [12]). If in addition / has compact 
support, then the following estimate holds (see Proposition 3.6 in [3]). 

Lemma 1.6. Let f G $'{R d ) and (p G y(R d ). Then for some constant 
Nq and every N > 0, there are constants C^ such that 

m(x,o\<c N (xr N (o N °. 

For further investigations of the short-time Fourier transform, we 
need the twisted convolution * on L 1 (R 2d ) , defined by the formula 

(F*G)(x,0 = (27T)-"/ 2 ffF(x-y^-rj)G(y : rj)e-^-^dydrj. 



By straight-forward computations it follows that * restricts to a con- 
tinuous multiplication on y(R 2d ). Furthermore, the map (F,G) i— > 
F* G from y(R 2d ) x y(R 2d ) to y(R 2d ) extends uniquely to contin- 
uous mappings from y'(R 2d ) x y(R 2d ) and y(R 2d ) x y'(R 2d ) to 
y , {R 2d )f\c oo {R 2d ). 

The following lemma is important when proving certain invariance 
properties for modulation spaces. We omit the proof since the result 
can be found in [12]. 

Lemma 1.7. For each f G y\R d ) and <f)j G y(R d ), j = 1,2,3, it 
holds 
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Now we recall the definition of modulation spaces. Let uj G ^(R 2d ), 
p, q G [1, oo], and G y(R d ) \ be fixed. Then the modulation space 
M™(R d ) is the set of all / G y f {R d ) such that 

ii/Hm- = imu^ = ii^/^Hl- < oo. (1.10) 

Here || • \\ l p,i is the norm given by 

iiFiu r = (| d (| jf(x,oi p ^) 9/p ^) 1/9 , 

when F G L i 1 oc (R 2d ) (with obvious interpretation when p = oo or 
g = oo). Furthermore, the modulation space WM(R d ) consists of all 
/ G y'(R d ) such that 

ll/llw™ = ll/ll W M.* = II^VMUr < °°' 

where || • \\ l p,i is the norm given by 

\\F\\ Lr = (| d (| jF(x,o\ q ^y /9 d X y /p } 



2d \ 



when F G L^R' 

If uj — 1, then the notation M p,<? and W p,q are used instead of MM 
and WJJ respectively. Moreover we set MM = WM = MM and M p = 
W p = M p ' p . 

We note that M p,q are modulation spaces of classical form, while 
W p,g are classical form of Wiener amalgam spaces. We refer to [6] for 
the most updated definition of modulation spaces. 

The following proposition is a consequence of well-known facts in [5] 
or [12]. Here and in what follows we let p' denote the conjugate exponent 
of p, i. e. \jp + \jp' = 1. 

Proposition 1.8. Letp,q,pj,qj G [1, oo] for j = 1,2, andletuj,u>i,uj 2 ,v G 
(R 2d ) . Then the following is true: 

(1) ifu is v-moderate and if <j> e AfJ, ) (R d ) \ 0, then f G M™(R d ) 
if and only if (11.101) holds, i. e. MM{H d ) is independent of the 
choice of (j). Moreover, MM(R, d ) is a Banach space under the 
norm in (11.101) . and different choices of <fi give rise to equivalent 
norms; 

(2) if pi <p2,qi<q2 and uj 2 < Cuj\ for some constant C , then 
y(R d ) <-+ Mf^f(R d ) --> M p ^f(R d ) <-+ y'(R d ); 

(3) the sesqui-linear form ( • , • ) on y extends to a continuous 
map from M™(R d ) x M*f u) (R d ) to C. On the other hand, 
if \\a\\ = sup | (a, 6)|, where the supremum is taken over all 
6 G M p 1 'M(R d ) such that ||&||w*v < 1, then \\ ■ \\ and \\ ■ \\M p ' q 

are equivalent norms; 
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(4) ifp,q < oo ; then y{R d ) is dense in MM(R d ). The dual space 
of MM (R d ) can be identified with MfAJR d ), through the form 
( • , • ) L 2. Moreover, y(R d ) is weakly dense in M^JR d ), 
Similar facts hold when the MM spaces are replaced by WM spaces. 



Proposition QT8](1) permits us to be rather vague about to the choice 
of <p G M l {v) \ in (OHI) . For example, \\a\\ M P^ < C for some C > 

and for every a which belongs to a given subset of <$*', means that the 
inequality holds for some choice of G Mi, \0. Evidently, for any other 
choice of G MK \ 0, a similar inequality is true although C may have 
to be replaced by a larger constant, if necessary. 

Locally, the spaces ^L q (w) (R d ), Mg(R d ) and Wj$(R d ) are the same, 
in the sense that 

in view of Remark 4.4 in [22]. In Section [2] and [5] we extend these 
properties in context of the new type of wave-front sets, and recover 
the above equalities at the end of Section [H 

Remark 1.9. An example of a space which might be considered as a 
modulation space and which is neither of the form MM nor WM is the 

space M( w ), which consists of all a G J?"(R 2d ) such that 

NIa?, , - / SU P ( SU P \V<i>a{x,£,C,z)w(x,£,(,z)\)dz (1.11) 

^ ^R d CGR d £,£€R d 

is finite. By straight-forward application of Lemma 11.71 and Young's 
inequality it follows that 

M^\R 2d ) C M M (R 2d ) C M^°°(R 2d ), 

with continuous embeddings. (Cf. e.g. [6-8,12].) 

1.4. Pseudo- differential operators with non-smooth symbols. 

In this subsection we discuss properties of pseudo-differential operators 
in context of modulation spaces, and start with the following special 
case of Theorem 4.2 in [29]. We omit the proof. 

Proposition 1.10. Let p,q,Pj,qj G [l,oo] for j = 1,2, be such that 

1/pi - l/p 2 = 1/qi - l/<?2 = l-l/p- 1/q, q < Vi, Q2 < P- 

Also let u G ^(R 2d © R 2d ) and Ui,u 2 G 3»(R 2d ) be such that 

u){x,€,C,z) <C , — — 7 (1.12) 

^2(2:, £ + 

/or some constant C. If a G Af£? w) (R M ), iften Op(o) /rom «y(R d ) to 

,5^'(R rf ) extends uniquely to a continuous mapping from M?^V-(R d ) to 

Mf 2 f(R d ). 
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In Section[6]we discuss wave-front set properties for pseudo-differential 
operators, where the symbol classes are defined by means of modulation 
spaces. Here, for p G R and s G R 4 we define 

u s , p (x,t,(,z)=u(x,ti,(,z)(x)- Si {0- S3 {0- pS2 (z)- Sl - (1-13) 

Definition 1.11. Let u G ^{R 2d © R M ), s G R 4 , p G R, and let 

uj S:P be as in (11.131) . Then the symbol class UX(R 2d ) is the set of all 
a G y(R 2d ) which satisfy 

d t a e M (vi (Q) , p) ( R2d )> s ^ = ( Sl > H' S3 ' S4 )' 

for each multi-indices a such that |a| < 2s 2 . 

It follows from the following lemma that symbol classes of the form 
U?^(R 2d ) are interesting also in the classical theory. 

Lemma 1.12. Let p G [0, 1], u G ^ (R 2d © R 2d ) and u G £*, )0 (R 2d ) 



6e suc/i iftai 

Wb(x,f) =w(x,£,0,0). 

Then the following conditions are equivalent: 

(1) a G S^ o) (R 2d ), i. e. (USD /ioWs for u = oo ; 

(2) u^a G Sj ; 

(3) w- s ^a IlS2 , S3 >o^(R M ). 

For the proof of Lemma [I. 121 we note that 

n^ l . ) (R M ) = 55 >0 (R M ), ^u^) = rw, (i-i4) 

which follows from Theorem 2.2 in [28] (see also Remark 2.18 in [15]). 

Proof. In order to prove the equivalence between (1) and (2) we note 
that the condition ujq G £? p $ implies that ujq G S^q (R m ) and lUq 1 G 

S , $ wo) (R :w ). Hence, if a G 5^ o) (R 2d ), then it follows by straight- 
forward computations that 

, ,~ l n C q( 1 / W °) Q^O) — c( w 0" lw 0) _ c(i) _ CO 

u; a t D p0 ' <J p ,o — °p,o — D p,o — D p,o 

(see also Lemma 18.4.3 in [16]). This proves that (1) implies (2), and 
in the same way the opposite implication follows. 

Next we consider (3). We observe that for some positive constants C 
and N we have 

C-^oix, (C>-"<*>-" < <"{x, £, C, z) < Cu (x, o <0"<*)", 
which implies that 

n uj^(r m )= n "(i(R 2d )- 

Sl,S2,S 3 >0 Sl,S2,S3>0 

Since the map a i— > u;^ a is a homeomorphism from M?£' , ■> to M^\ 
when u>i G ^, by Theorem 2.2 in [28], we may assume that u = 
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ujq = 1. Furthermore we may assume that S4 = 0, since (3) is invariant 
under the choice of s 4 . For such choices of parameters, the asserted 
equivalences can be formulated as 

fl OJ5(R M )=5jo(R M ), w = l. 

S1>S2,S3>0 

The result is now an immediate consequence of (11.14R and the fact 
that a G 5° (R M ), if and only if for each multi-indices a and (3, it 
holds 

^aeS-f\R 2d ). 
The proof is complete. □ 

2. Wave front sets with respect to Fourier Lebesgue 

spaces 

In this section we define wave-front sets with respect to Fourier 
Lebesgue spaces, and show some basic properties. 

Assume that u G &(R 2d ), T C R d \0 is an open cone and q G [1, 00] 
are fixed. For any / G ^'(R d ), let 

\fUf- = \f\,Lrt = ( / \f(ZM*>Z)\ q dt) 1/q (2- 1 ) 

(with obvious interpretation when q = 00). We note that | • \^ L n,r 

(ui),x 

defines a semi-norm on S? 1 which might attain the value +00. Since u> is 
v-moderate for some v G &(Tl 2d ), it follows that different x G R d gives 
rise to equivalent semi-norms \f\^ L i,r ■ Furthermore, if Y — H d \ 0, 

(u),x 

f G &L q , JR d ) and g < 00, then \f\« L q,v agrees with the Fourier 
Lebesgue norm \\f\\<? L * of /. 

For the sake of notational convenience we set 



B = &L\ = ^L« (R d ), and | ■ \ B{r) = \ ■ \, L ^ . (2.2) 



We let e B (/) = e^ L « (/) be the set of all £ G R d \ such that 
|/|s(r) < 00, for some r = Tg. We also let £s(/) be the complement of 
©b(/) in R d \ 0. Then ©#(/) and Eg(/) are open respectively closed 
subsets in R d \ 0, which are independent of the choice of x G R d in 

(EB). 

Definition 2.1. Let g G [l,oo], uj G ^(R 2d ), B be as in (Q, and 
let X be an open subset of R d . The wave- front set of / G @ f (X), 
WFb(/) = WFj^a (/) with respect to £> consists of all pairs (xo,£o) 

in X x (R d \ 0) such that £ e £«(¥>/) holds for each <£ G C7 CO (X) such 
that <^(xo) 7^ 0. 

We note that WF B (f) is a closed set in K d x (R d \ 0), since it is 
obvious that its complement is open. We also note that if x G R d is 
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fixed and u; (0 = u(x,£), then WFg(/) = WF J?L ? (/), since Eg is 

( w o) 
independent of x. 

The following theorem shows that wave-front sets with respect to 

^L 9 ,, satisfy appropriate micro-local properties. It also shows that 

such wave-front sets are decreasing with respect to the parameter q, 

and increasing with respect to the weight ui. 

Theorem 2.2. Let X C R d be open, q,r G [l,oo] andu,tf G 3*(R 2d ) 
be such that 

q<r, and &(x,£) <Cu(x,£), (2.3) 

for some constant C which is independent of x,£ G R d . Also let B 
be as in (Q and put B = PLfa = &L r w (R d ). If f G $\X) and 
cp G C°°(X), then WF Bo (^/) C WF B (/). 

Proof. It suffices to prove 

Eab(v>/)CE B (/). (2.4) 

when yj G ^(R d ) and / G <f'(R d ), since the statement only involve 
local assertions. For the same reasons we may assume that u(x,£) = 
u;(0 is independent of x. It is also no restrictions to assume that •& = u. 
Let £ G @b(/) 5 an d choose open cones T 1 and T 2 in R d such that 
T 2 C Ti. Since / has compact support, it follows that |/(£)k>(£)| — 
C(£) N ° for some positive constants C and N . The result therefore 
follows if we prove that for each N, there are constants C^ such that 

Iv/kcr,) < ^(I/Ibctx) + sup (|/(0^(0K0^) 

x £GR d 

when Y 2 QY X and JV = 1,2,.... (2.5) 

By using the fact that u is v -moderate for some v G ^(R d ), and 

letting F(0 = 1/(0^(01 and ^(0 = 1^(0^(01, it follows that ip turns 
rapidly to zero at infinity and 



\<ff\B (r 2 ) : 










-a 




■rj)F{rj) dr]) 1 


n l/r 
#) < 


C(Ji 


for some constant C, where 










*-a 


(//«' 


- rj)F{rj) dr/) 


n l/r 

de) 




and 














*-a 


(/**< 


— rf)F(rf) dr]) 


r \ l/r 
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Let g be chosen such that l/q + 1/q = 1 + 1/r, and let xri be the 
characteristic function of ri. Then Young's inequality gives 



h < ( J d ( / Tpit - ri)F(rj) drijdtt ^ 



J2 ~ Cl Ur (L ^-^' {2N ° +N)F ^ d ^ r ^ 

<C 2 (f (/" (0- No (v)- No ((v)- N F(v))dv) r dt) 



= U* (x^F)^ < W\\ L «4xrtF\\L« = C f \f\ B{rih 

where C$ = H^IIlw < oo since ip is turns rapidly to zero at infinity. 

In order to estimate J 2 , we note that the conditions £ G T 2 , r\ fi Ti 
and the fact that T 2 C T 1 imply that |£ — 77 1 > cmax(|£|, \rj\) for some 
constant c > 0, since this is true when 1 = |£| > |t/|. Since ?/> turns 
rapidly to zero at infinity, it follows that for each N > d and iV6N 
such that N > No, we have 

(£-//)- , ^"- x, /'(//)r///) (/()' ' 

r 2 v JCr! 

<C 3 sup 1(^-^(77))!, 

r;eR d 

for some constants Ci, C 2 , C 3 > 0. This proves (J2.5I) . The proof is com- 
plete. D 

3. Wave-front sets for pseudo-differential operators 

with smooth symbols 

In this section we establish mapping properties for pseudo-differential 
operators on wave-front sets of Fourier Lebesgue types. More precisely, 
we prove the following result (cf. (*) in the abstract). 

Theorem 3.1. Letp>0,u;e &>(R 2d ), u G & > pfi (R 2d ), a G S { p " o) (R 2d ) , 
f G y'(K d ) and q G [1, oo]. Also let 

B-fLfa = 01^(1**) and C = PL^ = ^J w/wo) (R d ). 

Then 

WF c (Op(o)/) C WF S (/) C WF c (Op(o)/) U Char (w) (a). (3.1) 

We need some preparations for the proof. The first proposition shows 
that if x G" supp / then (x , £) G" WF c (Op(a)/) for every £ G K d \ 0. 

Proposition 3.2. Letoo G ^(R 2d ), u G ^ P , 5 (R M ), < 5 < p, < p, 
5 < I, and let a G S^g (R M ). Also let C be as in Theorem \3.1\ and let 
the operator L a on y'(\\ d ) be defined by the formula 

(LJ)(x) = Vl (x)(Op(a)( V2 f))(x) } fey'(K d ) } (3.2) 
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where ipx E C^°(R d ) and <p 2 E So (R d ) are such that 

supp (fx P| supp (p 2 = 0. 

Then the kernel of L a belongs to S^(R, 2d ). In particular, the following 
is true: 

(1) L a = Op(a ) for some a E y{R 2d ); 

(2) WF c (L a /) = 0, for any given q E [1, oo]. 

Proof. We note that a exists as a tempered distribution in view of 
Section [TJ We need to prove that a E 5? , or equivalently, that the 
kernel K a of L a belongs to 5? . By the definition it follows that 

(LJ)(x) = (2n)- d [[a(x,0<Pi(x)My)f(yy {x - y '°dyd{;. 



Since <pi has compact support it follows that for some e > it holds 
(p 1 (x)(f 2 (y) = when \x — y\ < 2e. Hence, if cp E C°°(R d ) satisfy 
<p(x) = when \x\ < e and <p(x) = 1 when \x\ > 2e, f 2 = (p 2 f and 
Oi = (fia, then it follows by partial integrations that 



(LJ)(x) = Op(oi)/ 2 (x) = W d JJ ai(x, 0f2{y)e l{x - y ^dydi 
= (2ny d JJ(-iy>(Afa 1 )(x,Of2(y)\x-y\~ 2s2 e^-^)dydZ 
= (2n)- d ff(-iy 2 (Afa 1 )(x,0f2(yMx-y)\x-y\- 2 ^e^-y^dyd^ 



= (Op(6.)/)(a;), 

where s 2 = s > is an integer, 

b a (x,y,£) = (-l) a '(A?ai)(x,£)< Pl {x)<p2{yMx-y)\x-y\- 2aa 

(3.3) 

and 

Op(6.)/(x) = (27T)- d JJb s (x,y,Of(y)e i{x - y '°dyd^ 

>From the fact that \x — y\ > C(x — y), when (x, y,£) E supp6 s , and 
that a E S^ o) (R M ), it follows from (J33J that 

l^foy.OI < c s u (x,O(x)- 2s (y)- 2s (O' 2ps 

< C' s (x) No ' 2s (y)' 2s (0 N °- 2ps , 

for some constant N which is independent of s. In the same way it 
follows that 

\d a b s (x,y,0\ < C s , a (x) N °- 2s (y)- 2s (0 N °- 2ps , (3.4) 
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for some constant N which depends on a, but is independent of s. 

Now let N > be arbitrary. Since the distribution kernel K a of L 
is equal to 

(2n)- d [b s (x,y,Oe l{x - y '°dZ, 



it follows by choosing s large enough in (13.41) that for each multi-index 
a, there is a constant C a ,N such that 

\d a K a {x,y)\<C a , N (x )y )- N . 

This proves that K a G ^(R M ), and (1) follows. 

The assertion (2) is an immediate consequence of (1). The proof is 
complete. □ 

Next we consider properties of the wave-front set of Op (a)/ at a 
fixed point when / is concentrated to that point. 

Proposition 3.3. Let p, to, u , a, B andC be as in Theorem \3.1{ Also 
let q G [1, oo] and f G <£"(R, d ). Then the following is true: 

(1) if Ti,T2 are open cones in C R d \ such that T 2 C T 1; and 
|/|b(T!) < oo, then | Op(a)/| C (r 2 ) < oo; 

(2) WF c (Op(o)/)CWF B (/). 

We note that Op(a)/ in Proposition 13.31 makes sense as an element 
in y'{K d ), by Proposition QH 

Proof. We may assume that u(x, £) = u>(£), WofoO = ^o(0i an d that 
supp a C K x R d for some compact set i^ C R d , since the statements 
only involve local assertions. We only prove the result for q < oo. The 
slight modifications to the case q = oo are left for the reader. 
By straight-forward computations we get 

^(Op(o)/)(0 = (27r)- d / 2 / (^ ia )^-r,,r,)f{r,)dr,, (3.5) 

JR d 

where &\a denotes the partial Fourier transform of a(x, £) with respect 
to the a;- variable. We need to estimate the modulus of J^io(t7,0- 

From the fact that a G STq (R 2d ) is smooth and compactly sup- 
ported in the x variable, it follows that for each N > 0, there is a 
constant Cn such that 

K^axe^i^c^er^oM. (3.6) 

Hence the facts that w(rj) < u;(0(f - v) N ° and w (^) < ^o(0(£ - r ?) Ar ° 
for some N give that for each N > d it holds 

|(.*ia)(£ - ^MOM(OI < C^<e " ^>- ( " + ™°UfoMO/"o(0 

<^(?-r/)-^(r/), (3.7) 
for some constants Cn and C' N . 
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By letting F(f) = 1/(0^(01. then (E3D, (EZD and Holder's inequal- 
ity give 



|^(Op(a)/)(fl«2(0| < C / (£ - f JV FW dr/, 



c/ ((e-^M^e-^ 9 '^ 



R rf 

<C'(J d ^-vr N F( V yd V ) 1/q , (3.8) 

where C = (27r)- d / 2 C^ and 

C' = C\\(-)- N \\ l l?'- (3-9) 

Here C" < oo in (M . since JV > d. 
We have to estimate 

|(Op(o)/)i C(r2 ) = ( / \^(Op(a)mM0/M0\ q dt) 1/q . 
By (J3SJ we get 

i^(o P (a)/)(o^(OM(or^) 1/9 

r 2 7 

- C UI (e " *)~ N F W t^'* ^ c ^ + j2 )' 

for some constant C, where 

1/9 



Ji={J J (Z-vr N F(v) q dvd£ 



2 «/i. 1 
and 

'r 2 7cr! 
In order to estimate Ji and J 2 we argue as in the proof of (12.51) . More 



j2= (/ / (Z-v)- N F(v) q dvdt 

stimate Jj 
precisely, for Ji we have 



1/9 



Ji<(J J (t - I)'" F(n)* dr,d£] 

= (J J (i)- N F{ v yd V dif' q = C(J F(r,)* drj)^ < oo. 

In order to estimate J2, we assume from now on that T 2 is chosen 
such that T 2 C r l5 and that the distance between the boundaries of 1^ 
and T 2 on the d — 1 dimensional unit sphere S d_1 is larger than r > 0. 
This gives 

|£-7?|>r when £ e T 2 f| S d_1 , and 77 G (ClTi) f| S d_1 . (3.10) 
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Then for some constant c > we have 

|£ — 77 1 > cmax(|£|, |r/|), when £ G T 2 , and 77 G Cri. 

In fact, when proving this we may assume that |r/| < |£| = 1. Then we 
must have that |£ — 77 j > c for some constant c > 0, since we otherwise 
get a contradiction of (|3.10l) . 

Since / has compact support, it follows that F(rj) < C^)* 1 for some 
constant C. By combining these estimates we obtain 

J*<([ [ F( V ){i-r 1 )- N dr 1 di\ l,q 

<c([[ (vYHO-^ivr^dvdA 

Hence, if we choose N > 2d+2ti, it follows that the right-hand side is 
finite. This proves (1). 

The assertion (2) follows immediately from (1) and the definitions. 
The proof is complete. □ 

We also need the following lemma. Here we recall Definition 11.31 for 
notations. 



Lemma 3.4. Let 0<S<p<l, fi = p — S,uqE £P p ,s(R 2d ), and 
a G Spg (H 2d ). If (xo,£o) ^ Char( Wo )(a), then for some open cone T = 
r^ , open neighborhood X C R d of Xq and R > 0, there are elements 
Cj G Sp S which are (X,T,R) -unitary, bj G S $ and hj G S'^ for 
j G N such that 

Op(bj) Op(o) = Op(c,-) + Ov(hj), j > 1. 

Proof. For j = 1, the result is obvious in view of Definition II .31 There- 
fore assume that j > 1, and that bk, c^ and hk for k = 1, . . . ,j — 1 
have already been chosen which satisfy the required properties. Then 
we inductively define bj by the formula 

opfe) = (Opfo-O - op(V0) Op^-i). 

By the inductive hypothesis it follows that 

Op(6j) Op(o) = Op® + Op(£i) + Op(/J 2 ), 



where 



and 



Op(c) = Op(cj_i) Op(c i _i), 
Op(^ 1 ) = [Op(c^_ 1 ),Op(Vi)] 

Op(/J 2 ) = o P (Vi)Op(Vi)- 



Here [ • , • ] denotes the commutator between operators. 
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By Theorems 18.5.4 and 18.5.10 in [16] it follows that h 2 G Sj U 1)m C 
Spg 11 , since the conditions j — 1 > 1 and < fi < 1 imply that 
— 2(j — l)/i < —jfi. Hence 

hi e s;f (3.11) 

holds for I = 2. 

Next we consider the term Op(/ii). By Theorem 18.1.18 [16] it follows 
that 

|a|=l 

for some /13 G 5 ^ . Since the sum belongs to S~ 3 ^ in view of the 
definitions, it follows that (13.111) also holds for I = 1. 

It remains to consider the term c. By Theorems 18.5.4 and 18.5.10 
in [16] again, it follows that 

c(x,0 = c j (x,£)+h 4l (x,€), 
where 

\a\<N 



and hi G S j M , provided A/" was chosen sufficiently large. Since Cj-i = 1 



'p, 
on 



{{x,£);xex, eer, |£|>i?}, 

it follows that Cj is (X, T, i?)-unitary. The result now follows by letting 
hj — hi + hi + h±. The proof is complete. □ 

Proof of Theorem \3.1[ We start to prove the first inclusion in (13.11) . 
Assume that (z ,£o) i WF B (/), let y> G C^°(R d ) be such that tp = 1 
in a neighborhood of x , and set </?i = 1 — <p. Then it follows from 
Proposition 13.21 that 

(x ,eo)^WF c (Op(o)(¥;i/)). 



Furthermore, by Proposition 13.31 we get 

(2o,£o)^WF c (Op(a)(v?/)), 

since if ao(x, £) = <p(x)a(a;, £), then Op(a) (</?/) is equal to Op(a ) (<£>/) 
near x . The first embedding in (|3.ip is now a consequence of the in- 
clusion 

WF c (Op(o)/) C WF c (Op(o)(^/))U WF c (Op(o)(^i/)). 
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It remains to prove the last inclusion in (13.11) . By Proposition 13.21 it 
follows that it is no restriction to assume that / has compact support. 
Assume that 

(zo,£o) i WF c (Op(o)/) U Char (wo) (a), 

and choose bj, Cj and hj as in Lemma I3TH We shall prove that (x , £o) ^ 
WF B (/). Since 

/ = Op(l - Cj )f + Op{bj) Op(o)/ + o P (/g/, 

the result follows if we prove 

(xo,eo)^s 1 us 2 us 3 , 

where 

Si = WF B (Op(l - Cj )f), S 2 = WFsCOpfo) Op(o)/) 

and S 3 = WF B (Op(/ lj -)/). 

We start to consider S2. By the first embedding in (13.11) it follows 
that 

S 2 = WF B (Op(6 i ) Op(o)/) C WF c (Op(o)/). 
Since we have assumed that (a?o, £0) ^ WFc(Op(a)/), it follows that 

(xo,fo) i s 2 . 

Next we consider S3. Since / has compact support and oj.ojq e 
^(R M ), it follows from Lemma l3T4l that for each N > 0, there is a j > 1 
such that <f{x)D a (Op(hj)f) e L°° when \a\ < N and <p e C °°(R d ) for 
some hj <G 5^o P - This implies that S3 is empty, provided N (and there- 
fore j) was chosen large enough. 

Finally we consider Si. By the assumptions it follows that do = 
1 — Cj : = in T, and by replacing T with a smaller cone, if necessary, 
we may assume that a = in a conical neighborhood of T. Hence, if 
r = I\, and Ti, r 2 , J\ and J 2 are the same as in the proof of Proposition 
13.31 then it follows from that proof and the fact that ao(x, £) € S° 
is compactly supported in the x-variable, that J\ < +00 and for each 
iV > 0, there are constants Cn and C' N such that 

I Op(o )/|s(r 2 ) < C N {J X + J 2 ) 

<C' N U + ([ [ (0- N/2 (v} {No - N/2) d V dd 1/9 ). (3.12) 

for some N > 0. By choosing N > 2N +2d, it follows that | Op(ao)/|c(r 2 ) < 
00. This proves that (xo,6o) ^ ^i, anc ^ the P r0 °f i s complete. □ 

Remark 3.5. By Theorem 18.5.10 in [16] it follows that the first em- 
bedding in (13.11) remains valid if Op(a) is replaced by Op t (a). 
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Remark 3.6. We note that the inclusions in Theorem 13.11 may be vio- 
lated when uq = 1 and the assumption p > is replaced by p = 0. In 
fact, let a(x, £) = e -1 ' xo '^ for some fixed x G R d , and choose a in such 
way that f a (x) = 5q does not belong to B — ^L 9 ,JH d ). Since 

(Op(o)/ a )(a;) = f a (x - x ), 

by straight-forward computations, it follows that for some closed cone 
T in R rf \ we have 

WF B (/) = {((U);£er} 

WF B (o P (o)/) = {(*„,£); e er}, 

which are not overlapping when Xq 7^ 0. 



Next we apply Theorem 13.11 on operators which are elliptic with 
respect to S^g (R 2d ), where co>o G ^(R M ). More precisely, assume 
that < 5 < p < 1 and a 6 S^R 2 *). Then a and Op(a) are called 
(locally) elliptic with respect to S^g (R 2d ) or cl> , if for each compact 
set iT C R d , there are positive constants c and i? such that 

|o(x,OI >cw (x,O, xeK, \£\>R 

Since \a(x, £)| < Co>o(£, £), it follows from the definitions that for each 
multi-index a, there are constants C a such that 

\d^a(x,0\ < C a ,Mx,0\(0~ pm+5H , xeK, |£| > it 

(See e. g. [2,16].) It immediately follows from the definitions that Char( wo )(a) 
when a is elliptic with respect to a>o. The following result is now an 
immediate consequence of Theorem 13.11 

Theorem 3.7. Let u G ^(R 2d ), u G ^ P , (R M ), q G [l,oo], p > 0, 
and let a G SJ^q (R 2d ) be elliptic with respect to Uq. Also let B and C 
be as in Theorem\3Ji If f G ^'(R d ), then 

WF c (Op(o)/)=WF iB (/). 

Corollary 3.8. ^4sswne £na£ i/ie hypothesis in Theorem \3. 71 s'& fulfilled 
with uj = uj , and let E be a parametrix for Op(a). TTien (pE G ^Ef\ 
for every ip G C^°(R a! ), «. e. for each x G and ip G C£°(R d ), tnere is a 
constant C such that HO. II) holds. 

Proof. >From the assumptions it follows that Op(a)E = 5 + <p for 
some <p G C°°(R d ). The result is then a consequence of 

WF^ L?C (E) = WFj? L °o(Op{a)E) = WF*vo{6 + <p) = 0, 

by Theorem 13.71 where the last equality follows from the fact that 

5 G ^L°°. □ 
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Example 3.9. Let a(x, £) = a(£) be the symbol to the hypoelliptic 
partial differential operator Op(a) with constant coefficients (cf. [16, 
Chapter XI] for strict definitions). Then a is elliptic with respect to 

w(x,0="(0 = (l + |a(OI), 
which belongs to & P) o(R, d ) for some p > 0. Hence it follows from The- 
orem S3 and Corollary ESI that if y? <E C °°(R d ), then 

|(i + |a(0|)^fa.^(0|eL«(R*). 

An important hypoelliptic operator concerns the heat operator d t — 
A a , (x,t) G R d+1 , with symbol a(x, t, £, r) = |£| 2 + zr. In this case, a 
is elliptic with respect to 

a;(x,t,e,r) = (l + |e| 2 + |r|). 

Hence it follows that 

(1 + |e| 4 + M 2 ) 1 / 2 !^ • £)(£, r)| G L°°(R rf+1 ), 

when p G C °°(R d+1 ). 

For the heat operator we note that 

Char'(a) = { (x, t, 0, r) ; x G K d , t G R, r ^ }, 

which is not empty (see Remark 11.41 for the definition of Char' (a)). 
Hence, Char( Wa )(a) is strictly smaller than Char'(a) in this case. 

4. Wave-front sets of sup and inf types and 
pseudo-differential operators 

In this section we put the micro-local analysis in a more general 
context comparing to previous sections, and define wave-front sets with 
respect to sequences of Fourier Lebesgue type spaces. We also explain 
some consequences of the investigations in previous sections in this 
general setting. For example we show how one can obtain micro-local 
results which involve only classical wave- front sets (cf. Remark I4T21 and 
Theorem 14.51 below) . 

Let ujj G ^(R 2d ) and g,- G [1, oo] when j belongs to some index set 
J, and let B be the array of spaces, given by 

(B,) = (B,) ieJ , where Bj = 01%,^ = PL*,^*), j G J. (4.1) 

If / G y'(R d ), and (Bj) is given by (JED), then we let 6^ } (/) be 
the set of all £ G R d \ such that for some T = T^ and each j G J it 
holds \f\ Bj (r) < oo. We also let Q^if) be the set of all £ G R d \0 such 
that for some T = T^ and some j G J it holds |/|e,(r) < oo. Finally we 
let E/g\(/) and H^Jf) be the complements in R d \0 of 0/g P J/) and 
&m.\(f) respectively. 

Definition 4.1. Let J be an index set, qj G [1, oo], luj G ^(R m ) when 
j G J, (Bj) be as in (14.11) . and let X be an open subset of H d . 
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(1) The wave-front set of f E f^'(X), of sup-type with respect to 
{Bj), WFJ^/), consists of all pairs (x ,£o) in X x (R d \ 0) 
such that £o £ S!g P -,(</>/) holds for each ip E Cq°(X) such that 
p(ar ) ^ 0; 

(2) The wave-front set of f E St'(X), of inf-type with respect to 
(Bj-), WFg } (/) consists of all pairs (z ,£o) in X x (R d \ 0) 
such that £o £ ^(b P )(v 9 /) holds for each <p e Cq°(X) such that 
p(a?o) 7^ 0. 

Remark 4.2. Let u^(:r,£) = (£)~ j for j E J = N . Then it follows 
that WFfg P ^(/) in Definition 14. II is equal to the standard wave front set 
WF(/) in Chapter VIII in [16]. 

The following result follows immediately from Theorems 13.11 and its 
proof. We omit the details. Here we let 

Ci = ^Lf Ui/U0) {R d ) and (C,) = (<*W- ( 4 - 2 ) 

Theorem ECT . Zet p > 0, c^ e & > (R 2d ), u E ^ pfl {R 2d ), a E 
S^ o) (R 2d ), f E y'{R d ) and qj E [l,oo] for j E J. Also let 

(Bj) = {Bj) jEJ and (Cj) = {Cj) jeJ , 

where 



Bj = &L q , 3 , = &L q , j JR d ) and C* = &L? , , = &L q ( 3 , AR d ). 
Then 

WF^(Op(a)/)CWF ( ^(/) 

C WF™ p ) (Op(a)/) U Char (wo) (a), (33)' 
and 
WF^COpCa^CWFgjC/) 

C WFg)(Op(o)/) U Char K) (a). (O)" 

Remark 4.3. We note that many properties valid for the wave-front sets 
of Fourier Lebesgue type also hold for wave-front sets in the present 
section. For example, the conclusions in Remark 13.61 and Theorem 13.71 
hold for wave-front sets of sup- and inf-types. 



There are (somewhat technical) generalizations of Theorems 13.11 and 

r(wo) 

p,S i 



13.11 to pseudo-differential operators with symbols in St? , when < 



8 < p < 1. For example, when generalizing Theorem 13.11 to 5 > the 
key estimate (13.61) needs to be modified into 



\(*ia){t,T,)\<C N (t)-«(T,y«u {T l ). 
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hand (right-hand) side embeddingsshould be replaced by (J?L q ( 3 
and the right-hand side embeddings by (JPL 9 , 3 , ■.). Here 



This in turn implies that in (I3.ip ' and (13.1ft ". the array (Cj) on the left- 

and 

N s = 6(tj + C), (4.3) 

where C should be chosen large enough and depends on the order of 
the involved distribution / in (13. ID ' and (13. ip " and the dimension d, 
and tj is chosen such that the inequality 

u j (x,Zi+t2)<Cu j (x, &){&)**, (4.4) 

should hold. 

The following generalization of Theorem 13.11 is obtained by modify- 
ing the proof of Proposition 13.31 and Theorem 13.11 . The details are left 
for the reader. 

Theorem 4.4. Let < 8 < p < 1, Uj G ^{R 2d ), u G &> Pj5 (R? d ), 
a G Sffi(R 2d ), f G S*'(R d ) and qj G [l,oo] for j G J. Also let Nj 
be given by (14. 3D with C only depending on the order of f and the 
dimension d, 

■>±\ 



&) = &)& and (Cf) = (Cf)^ 



where 



B j = J?L q ( *=3?L q , j i JR d ) and Cf = &L q , 3 , , = &L? , AR d ). 



Then 



WF^(Op(a)/)CWF^(/) 



C WF^(Op(a)/) U Char (wo) (a), (4.5) 



and 

WF5i ) (Op(a)/)CWFg ) (/) 

C WF ( i ^ ) (Op(a)/) [J Char (wo) (a), g^)' 

provided C in (14.31) is chosen large enough. 

A combination of Remark l4~3l and Theorem 14.41 now gives the follow- 
ing result concerning wave-front sets of Hormander type. 

Theorem 4.5. Let < 5 < p < 1 and u G £? Pj s(R 2d ). For every 
f G y'{R d ) and a G S^ s o) {R 2d ) it holds 

WF(Op(o)/) C WF(/) C WF(Op(o)/) U Char (wo) (a). 
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In particular, if in addition a is elliptic with respect to uj , then 

WF(Op(o)/) = WF(/). 

5. Wave front sets with respect to modulation spaces 

In this section we define wave-front sets with respect to modulation 
spaces, and show that they coincide with wave-front sets of Fourier 
Lebesgue types. In particular, any property valid for wave-front set of 
Fourier Lebesgue type carry over to wave-front set of modulation space 
type. 

Let G y(R d ) \ 0, u G ^(R M ), T C R d \ be an open cone and 
let p, q G [1, oo]. For any / G <9"{R d ) we set 



I/IbCT) = liW,r) = ( / ( / W(x,t)u>(x,t)\*dxy P dty 



\V.J(.r.iU'(.r.U\"cl.r)'"" ' 

when B = M$ = M™(R d ) (5.1) 

(with obvious interpretation when p = oo or q = oo). We note that 
I ' \b(V) defines a semi-norm on J?" which might attain the value +oo. 
If T = R d \ 0, then |/| B(r) = ||/|| m m. We also set 

i/ib(d = i/ijb(0,d = (/ d (J W{x,Z)u{x,Z)\*dZy /q dxy /P 

when B = W™ = W™(R d ) (5.2) 
and note that similar properties hold for this semi-norm comparing to 

Let u G ^(R 2d ), p,g G [l,oo], / G &(X), and let B = Mf$ or 
B = WJJ. Then 8 B (/), E B (J) and the wave-front set WF B (/) of / 
with respect to the modulation space B are defined in the same way as 
in Section [2], after replacing the semi-norms of Fourier Lebesgue types 
in (12.21) with the semi-norms in (15. ip or (|5.2D . 

The following result shows that wave-front sets of Fourier Lebesgue 
and modulation space types agree with each others. 



Theorem 5.1. Let p,q G [l,oo], an open set X C R d , u G £P(R 2d 
^(R*), and Zrf C = M™(R d ) or W™ 



B = &L*{X*), and let C = M™(R d ) or WM(R*). If f G ®'{X), 



then 

WF B (/)=WF C (/). (5.3) 

in particular, WFc(f) is independent of p and 4> G ^(R d ) \ m (15. ip 
and (J52J). 

Proof We only consider the case C = MM. The case C = WM follows 
by similar arguments and is left for the reader. We may also assume 
that / G S" (R d ) and that to(x, £) = w(£), since the statements only 
involve local assertions. 

26 



First we prove that WF C (/) is independent of G y(R d ) \0. There- 
fore assume that 0, 0i G S" \0 and let | • \ei(r) be the semi-norm in 
(15.11) after has been replaced by 0i. Let r x and T 2 be open cones in 
R d such that F 2 C Fi. The asserted independency of follows if we 
prove that 

|/| C( r 2 )<C(|/| Cl(ri) + l), (5.4) 

for some constant C . 

When proving (15.41) we shall mainly follow the proof of (12.51) . Let 
v G & be chosen such that to is f-moderate, let 

fi 1 = {( x ^) ; ^ri}C R 2d and tt 2 = Cfii C R M , 
with characteristic functions Xi and X2 respectively, and set F k (x,£,) = 
|^>i/(z,£)KOXfcOz,0> ^ = M, andG = |V^0i(x,OI«(O- By Lemma 



1.71 and the fact that uj is f-moderate we get 

iV^/fo £MZ, 01 < C (( F 1 + ^) * G)(X,0, 

for some constant C, which implies that 

\f\c(v 2 ) < C(Ji + J 2 ), (5.5) 

where 

Jfc= (/ {J\( F k* G )( x ^)\ P dx)d^ 1/9 , fc = l,2. 

Since G turns rapidly to zero at infinity, Young's inequality gives 

Ji < ||Fi*G|U r < HGIUillFtll^ = C|/| Cl(ri) , (5.6) 

where C = ||G||li < oo. 

Next we consider J 2 . By Lemma [T31 and the proof of (12.5p . it follows 
that for every iV > there are constants Cn such that 

F 2 (x,0<C N (x)- N (0 No , and (£ - v)'™ < ^(0"%)^ 

when £ G T 2 and r\ G Cri. This in turn implies that for every N > 
there are constants Cn such that 

(f 2 *g)(x,0<c n (x)- n (0- n , eer, 

Consequently, J 2 < oo. The estimate (15.41) is now a consequence of 
(1531) . (1531) and the fact that J 2 < oo. This proves that WF C (/) is 
independent of G S*(R d ) \ 0. 

In order to prove (I5.3P we assume from now on that in (15. ip has 
compact support. We choose po>Pi £ [1>°°] sucri that p < p and 
1/pi + 1/po = 1 + 1/p, and we set C = M?°l q . The result follows if we 
prove 

e c „(/)ce B (/)ce c (/) when p = 1, p = oo, (5.7) 

and 

e c (/) c e Co (/). (5.8) 
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e start to prove 


(M)- 
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|/| B <n<Ci(j£ 


i/ceMor*) 1 


/« 




- c U 


i^(/ 


f 0(" - 
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a;)^)(0a;(0l 9 ^) 1/9 
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l^(M-- 


-x))(Ow(0|dx)' 


\l/9 

«) 


*<*(/, 


(1 


W(z,£> 


^(01 da:) ^) 


= C a \f 



for some constants Ci, C 2 and C 3 . This gives the first inclusion in (15.71) . 
Next we prove the second inclusion in (15.71) . Let K C R d be compact 
and chosen such that V^,f(x,^) = outside K. This is possible since 
both / and <fi have compact supports. Then 

l/|c ( r 2 ) = ( I sup|^/(x,0w(z,0l 9 #) 1/9 

<(",( / sup 1(1/1 * |^-(0(- - ar))|)(0«« )|" '/4 ' ' #/ 

'r 2 xeR d 

d( / r 1(1/1 *M)(£M0l*< 1A ' 



<C 2 ( /" ((|/-u,|*|J-^l)(£)) 9 ^) 



1/9 



for some positive constants C\, C 2 and C 3 . By combining the latter 
estimates with (12 .5p and its proof it now follows that for each N > 
there are constants Cjq such that (I2.5P holds with <p = 1 and £> = M^. 
Since / has compact support it follows that the right-hand side of (12.51) 
is finite when |/|b(Ti) < °°, provided N is chosen large enough. This 
proves (15.71) . 

It remains to prove (I5.8D . Let .K" be as above. By Holder's inequality 
we get 

l/lftCT) = (/ (J W{x,£)u{xM n dx) q/P °di) X/q 

< C K (J (J d \V 4> f(x^)u(x^)\ P dx) q ' P d£) l ' q = C K \f\ m - 

This gives (15.80 . and the proof is complete. □ 

Corollary 5.2. Let f G <?'{R d ), and let B be equal to &L q {u}) , M™ or 
W[$. Then 

feB ^ WF s (/) = 0. 
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In particular, we recover Theorem 2.1 and Remark 4.4 in [22]. 

6. Wave-front sets and pseudo-differential operators 
with non-smooth symbols 

In this section we generalize wave-front results in Section[3]to pseudo- 
differential operators with symbols in ISX(R M ) (see Definition II. lift . 
In order to state the results we use the convention 

(01,0 2 ) <(Wl,W2) (6.1) 

when u}j,$j G 6 {K 2d ) for j = 1,2 satisfy 0j < Cujj for some constant 
C. We recall that 

"i(a:,£i + &)<Cw i (x,£i)<6> ti , j = 1,2, (6.2) 

for some positive constants C, £i and t 2 , which are independent of 
x, £1,^2 ^ R- d - We let u) s ^ p be the same as in 01.131) and we use the 
notation u ^ (c^i,^) when (11.121) holds for some constant C. 

Theorem 6.1. Let q G [l,oo], c^-,0.,- G & , {R 2d ), u G «^ p , (R 4d ), 
< p < 1, and /e£ £-,■ > ; j = 1, 2 6e chosen such that (16. II) and (16. 2D 
holds. Also let B = &L q , , and C = &L q , ■>. Moreover, assume that 



u 



s,p 



(wi) (^2)' 

in (I1.13P satisfy uj s ^ p ^ (a^a^) co> SiP =^ (0i,02) /or some choices of 
S\ > 0, s 2 G N, s 3 > £1 + £ 2 + 2d, and s 4 G R. 
Ifae U s { £ ) (R 2d ) and f G M^ l) (R d ), then 

WF c (Op(o)/) C WF B (/). 

By Proposition 11.101 it follows that Op(a)/ in Theorem 16.11 makes 
sense as an element in M^JH d ), which contains each space M?^\(R d ). 

When proving Theorem 16.11 we shall mainly follow the ideas in the 
proof of Theorem 13.11 and prove some preparing results. The first one 
of these results can be considered as a generalization of Proposition [3721 
in the case S = 0. 

Proposition 6.2. Let a G UJJ(R M ), where u G ^ p , (R 2d © R M ), 

< s 1} < s 2 G Z, and /e* L a 6e £/ie operator from y(K d ) to y"(K d ) 
which is given by (13.21) . Tnen £ae following is true: 

(1) L a = Op(ao), for some a G J?"(R 2d ) sae£t £aa£ 

^a (x,Oe f]M^ a jR 2d ), (6.3) 

S4>0 

/or a// multi-indices a such that \a\ < 2s 2 ; 



(2) ifp,q G [l,oo], and(x>i,0i>2 G <^(R ) fulfill uj S)P ^ (cui,^), £ft 



en 



£/ie definition of L a extends uniquely to a continuous map from 



Mf'\(R d ) to Mf' q JR d ) 
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Proof. We use the same notations as in the proof of Proposition 13.21 
with the difference that s = (si, s 2 , s 3 , s 4 ) G R 4 . 

(1) From the proof of Proposition 13.21 it follows that L a = Op(6 s ), 
where b s is given by (13.31) . By the support properties of <p\, <p 2 and <p, 
it follows from Proposition 4.3 in [22] that 

b s e M^] p) (R 3d ) , for every s 4 , t > 0, 
where 
v»,t,p(x, V, f , C, ?7, *) = w g)P (a;, f , C, 2) _1 k(z, y, f , C, 77, *) 

= u;(x,e,C^)~ 1 ^) S4 (C) S3 (x-y) 2s2 (O PS2 ^) 4 ^) Sl - 
Here 

«(s, 2/; C, ^ V, z) = (z - y) 2s ' 2 (rjY 
In view of Sections 18.1 and 18.2 in [16] it follows that Op(6 s ) = 
Op(ao) when 

c s (x, y, = e l{D ^' Dy) b s (x, y, f ) and a (x, £) = c s (x, x, £)■ 

We have to prove that a is well-defined and fulfills (|6.3p when |a| < 
2s 2 . By Proposition 1.7 in [29] we have 

c s eM^l p) (R 3d ), for every s 4 ,t > 0, (6.4) 

where 

V8,tA x > V> f > C> »7> 2 ) = ^,t, P (a;, y - z, £ - v, C, V, z ) 

= u(x, e - v , c, zr'ixncrHy - z - x) 2s %i - ^ww 

Since uj e <^, the right-hand side can be estimated by 

Cu s , p (x, £, C, z)~ 1 (y - 2) 2S2 (77)* = Cu s , p (x, £, C, 2) _1 k(x, y, f , C, ?7, 2), 

for some constant C, provided S4 and t have been replaced by larger 
constants if necessary. Since (|6.4I) holds for any S4 > and t > we 
get 

c * e M (T/l, t , p )( RM )> for every s 4 ,£>0, 
where 

w«,t,p(a;, y, f , C, »7, «) = w, )P (z, £, C> *)/«(z, 2/, f , C, ?7, *)■ 
From the fact that 

sup ((inf«(a;,y,£,C,77, z)) j = 1 < 00, 

it follows now by Theorem 3.2 in [28] that a (x,^) = c a (x,x,£) is well- 
defined and belongs to M?^', JR M ), for each s 4 > 0. This proves (16.31) 
in the case a = 0. 

If we let 6 SjQ for |a| < 2s 2 here above be defined by 

& s ,aOr,y,0 = <9^a (x,Ov 5 i(a ; )v ? 2(y), 
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then 

Op(d a a Q ) = Op(b s>a ), \a\ < 2s 2 . 

By similar arguments as in the first part of the proof it follows that 
d a a G M™jl s )(R M ), for each s 4 > 0. The details are left for the 
reader. This proves (1), and the assertion (2) is an immediate conse- 
quence of (1) and Proposition 11.101 The proof is complete. □ 

Next we consider properties of the wave-front set of Op (a)/ at a fixed 
point when / is concentrated to that point. In these considerations it 
is natural to assume that involved weight functions satisfy 

uj(x, 0=^(0, 0j(z, 0=^(0, 3 = 1,2, 

w(o, e, c, z) < c -^ , w (o, e, c, *) < c -^p 

and we set 

^(x,£,C,*) = (xr S4 <C}~ s Mo,£,C,z), seR 4 . (6.6) 

We also note that 

^■(fi+6)<C^(fi)(k> tj , J = 1,2, (6.7) 

for some real numbers t\ and £ 2 . 
Proposition 6.3. Let q G [1, oo], and let u s G ^(R 4d ), u G ^(R M ), 

u^-dj e &{R d ), j = 1,2, «// (^,tf 2 ) < (wi,w 2 ), (EHD-flO), s 4 > d 

and 

s 3 > *i + * 2 + 2d. 

//a G M ( °^ s) (R M ) and / G M~ } (R d ) C\£'(R d ) #>en (1) and (2) in 
Proposition^^ holds for B = &I$. and C = &L q . y 



Proof. As for the proof of Proposition 13.31 we only prove the result for 
q < oo. The slight modifications to the case q = oo are left for the 
reader. We also use similar notations as in the proof of Proposition [3731 
Let 0i,02 G C£°(R d ) be such that 



<f> x {x) dx = 1, 2 (O) = (2vr)- . 



and set (ft = (pi ® </> 2 . It follows from Fourier's inversion formula that 
J? ia (£,n) = f f (Vj,a)(x,ri,£, z)e i{z ' v) dxdz. 
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By Remark [l~9l it follows that 
K^iaXS-^wzCOI^Ci // \(V4,a)(x,7i,Z-Ti,z)u2(Z)\dxdz 



<C 2 \\ (sup( sup |T^o(x,^,C,«)w(ar,^,C,«) 1 |)) x 
J J v x,£eR, d 

x (z)~ S4 (f - »7)~"M0, 77, £ - 77, z)w 2 (0 cfodz 

<C 3 |k||^ (£-77>- S XsU P ^(0,?7,£-77,z)V 2 (O 

< C 4 ||o|| M ooi (£ - r])~ S3 (supu}(Q,r},£ - rj, z))u 2 (0 

(l/"s) 2 

for some constants Ci, . . . , C5. The result now follows by similar argu- 
ments as in the proof of Proposition 13.31 after replacing (13 .7R with the 
latter estimates. The details are left for the reader, and the proof is 
complete. □ 

Proof of Theorem \6.1[ Let <p G C^°(R d ) be such that <p = 1 in a neigh- 
borhood of xo, and let y> 2 = 1 — </?. If (xo,£o) ^ WFg(/), then it follows 
from Proposition 16.21 that 

(zo,6>)^WF c (Op(a)(p 2 /)). 
Since 

WF c (Op(o)/) C WF c (Op(o)(^/))U WF c (Op(o)(^ 2 /)), 
the result follows if we prove that 

(xo,£o)£WF c (Op(a )(<^)), (6.8) 

where a (x,£) = (p(x)a(x,£). 

We may assume that u(x,£,£,z), u>j(x,£) and $,-(#,£) are indepen- 
dent of the x variable when proving (16. 8D . since both <p/ and a are 
compactly supported with respect to the x variable. The result is now 
an immediate consequence of Proposition 16.31 □ 

Remark 6.4. Let UjjJ''(R M ) be as 0^(R M ), after cj s , p (x,£, C, z) has 
been replaced by 

w»,t, P (x, £, C, 2) = w s , p (x + tz, £ + *C> C> *)> t G R, 
in the definition of 0^(R 2d ). Then it follows from Proposition 1.7 
in [29] that if a G OX(R M ), then Theorem 16.11 remains valid after 



co>(x, £, C, -2) has been replaced by o;(x + tz, £ + ££? £, z) and Op(a) has 
been replaced by Op t (o). 
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